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TODD FISHER 

Abstract. We show there is a residual set of non-Anosov C°° 
Axiom A difFeomorphisms with the no cycles property whose ele- 
ments have trivial centralizer. If M is a surface and 2 < r < c», 
then we will show there exists an open and dense set of of C Ax- 
iom A diffeomorphisms with the no cycles property whose elements 
have trivial centralizer. Additionally, we examine commuting dif- 
feomorphisms preserving a compact invariant set A where A is a 
hyperbolic chain recurrent class for one of the diffeomorphisms. 



1. Introduction 

Inspired by Hilbert's address in 1900 Smale was asked for a list of 
problems for the 21'^* century. Problem 12 deals with the centralizer 
of a "typical" diffeomorphism. For / G Diff^(M) (the set of diffeo- 
morphisms from M to M) the centralizer of / is 

ZU) = {geDW{M)\fg = gf}. 

Let r > 1, M be a smooth, connected, compact, boundaryless manifold, 
and 

T = {/ G Difr'(M) I Z{f) is trivial}. 
Smale asks the following question. 

Question 1.1. Is T dense m Diff''(M)? 

A number of people have worked on these and related problems in- 
cluding Kopell tioj, Anderson [2J, Palis and Yoccoz [13] [12], Katok [8J, 
Burslem [3], Togawa [TS], and Bonatti, Crovisier, Vago, and Wilkin- 
son [3]. 

Palis and Yoccoz [13] are able to answer Question 11.11 in the affir- 
mative in the case of C°° Axiom A diffeomorphisms with the added 
assumption of strong transversality. In [13] Palis and Yoccoz ask if 
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their results extend to the case of Axiom A diffeomorphisms with the 
no cycles property. 

The first results of the present work extend the results of Palis and 
Yoccoz to the case of Axiom A diffeomorphisms with the no cycles 
property. Let A'^{M) denote the set of C" Axiom A diffeomorphisms 
with the no cycles property that are non-Anosov. Let A[{M) denote 
the subset of A^{M) containing a periodic sink or source. 

Theorem 1.2. There is an open and dense subset of Af{M) whose 
elements have a trivial centralizer. 

Theorem 1.3. Let dim(M) > 3. Then there is a residual set of 
A°°{M) whose elements have trivial centralizer. 

We can reduce the requirement of r = cxd for certain Axiom A dif- 
feomorphisms of surfaces. We note that in the following result we are 
able to include the Anosov diffeomorphisms 

Theorem 1.4. If M is a surface and 2 < r < oo, then there exists an 
open and dense set of Axiom A diffeomorphisms with the no cycles 
property whose elements have trivial centralizer. 

A general technique in studying the centralizer is to examine prop- 
erties of the centralizer on the "basic pieces" of the recurrent points. 
In the hyperbolic case one often looks at what is called a hyperbolic 
chain recurrent class. An e-chain from a point x to a point y for a 
diffeomorphism / is a sequence {x — xo,...,Xn — y} such that the 
d{f{xj-i),Xj) < e for all I < j < n. The chain recurrent set of f is 
denoted TZ{f) and defined by: 

Tl{f) — {x E M \ there is an e-chain from x to x for all e > 0}. 

For a point x e T^{f) the chain recurrent class of x consists of all points 
y e T^if) such that for all e > there is an e-chain from x to y and an 
e-chain from y to x. 

If Smale's question can be answered in the affirmative one would hope 
that the following is true: for a residual set of diffeomorphisms ^ if A 
is a hyperbolic chain recurrent class for f E Q and g G Z[f) that there 
is a dichotomy, either (^Ia is the identity or is a hyperbolic chain 
recurrent class. In regards to this dichotomy we have the following 
result. 

Theorem 1.5. Suppose f G Diff'"(M) for any r > 1, g E Z{f), A is a 
mixing hyperbolic chain recurrent class of f and a hyperbolic set for g. 
Then A is a locally maximal hyperbolic set for g. 
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We briefly remark that the above statement provides some context 
for an open problem in the theory of higher rank symbohc actions: if an 
expansive homeomorphism / commutes with a transitive shift of finite 
type, must / be topologically conjugate to a shift of finite type? [11] 
Specifically, Theorem 11.51 is a smooth analog to this question. 

2. Background 

We now review some basic definitions and facts about hyperbolic 
sets and commuting diffeomorphisms. We assume that all of our maps 
are diffeomorphisms of a manifold to itself. 

A compact set A invariant under the action of / is hyperbolic if there 
exists a splitting of the tangent space T\f = E" © E'^ and positive 
constants C and A < 1 such that, for any point x G A and any n G N, 

\\DfM < CA"||f II, for V G E^, and 
11^/^""^ II < C'A^lli^ll, for V G S^. 

For e > sufficiently small and x G A the local stable and unstable 
manifolds are respectively: 

W^'{x, f) = {yeM \ for all neN, /"(y)) < e}, and 

W^{x, f) = {yeM \ for all neN, /""(y)) < e}. 

The stable and unstable manifolds are respectively: 

W'i^, f) = U„>o iW:if-ix), /)) , and 

w^"(a^,/) = u„>or(w^r(r"W,/))- 

For a diffeomorphism the stable and unstable manifolds of a hyper- 
bolic set are C"" injectively immersed submanifolds. 

A point X is non-wandering for a diffeomorphism / if for any neigh- 
borhood U of X there exists an n G N such that f^{U) fl [/ 7^ 0. The 
set of non-wandering points is denoted NW(/). A diffeomorphism / 
is Axiom A if NW(/) is hyperbolic and is the closure of the periodic 
points. 

A hyperbolic set is locally maximal if there exists a neighborhood U 
of A such that A = Hngz /"(^)- Locally maximal hyperbolic sets have 
some special properties. First, we have the standard result called the 
Shadowing Theorem, see [HI p. 415]. Let {xj}f^j_^ be an e-chain for /. 

A point y 5 -shadows {xj}f^j_^ provided d{f^{y),Xj) < 6 for ji < j < 32- 

Theorem 2.1. (Shadowing Theorem) If A is a locally maximal hyper- 
bolic set, then given any 6 > there exists an e > and 77 > such 
that if {xj}^?^^^ is an e-chain for f with d{xj,A) < rj, then there is a y 

which 6-shadows {xj}^-^^^. If the e-chain is periodic, then y is periodic. 
If j2 = — ji = 00, then y is unique and y G A. 
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The Shadowing Theorem also imphes the following: 

Corollary 2.2. If A is a locally maximal hyperbolic set of a diffeomor- 
phism f, then cl(Per(/|A)) = NW(/|a) = 7^(/|A). 

An additional consequence of the Shadowing Theorem is the struc- 
tural stability of hyperbolic sets. The following is a classical result, 
see p. 571-572]. 

Theorem 2.3. (Structural stability of hyperbolic sets) Let f G Diff (M) 
and A be a hyperbolic set for f . Then for any neighborhood V of A and 
every 6 > there exists a neighborhood U of f in Diff (M) such that 
for any g ElA there is a hyperbolic set Ag dV and a homeomorphism 
h : Ag A with dco{id, h) + c?(7o(id, h~^) < 5 and h o ^il^^ = /|a o h. 
Moreover, h is unique when 5 is sufficiently small. 

If X is a compact set of a smooth manifold M and / is a continuous 
map from M to itself, then /Ix is transitive if for any open sets U and 

of X there exists some n G N such that n ^ 0. A set X is 

mixing if for any open sets U and in X there exists an X G N such 
that /"([/) n 1/ ^ for all n>N. 

A standard result for locally maximal hyperbolic sets is the following 
Spectral Decomposition Theorem [HI P- 575]. 

Theorem 2.4. (Spectral Decomposition) Let f G Diff'^(M) and A a 
locally maximal hyperbolic set for f . Then there exist disjoint closed 
sets Ai,...,Am and a permutation a o/{l,...,m} such i/iaiNW(/|A) = 
\JiLiAi, /(Aj) = Ao-(j), and when a^{i) = i then f''\Ai is topologically 
mixing. 

Corollary 12.21 implies that Theorem 12.41 can be stated for a decom- 
position of the chain recurrent set of / restricted to A where A is a 
locally maximal hyperbolic set. 

In the case where / is Axiom A we have the following version of the 
Spectral Decomposition Theorem. 

Theorem 2.5. [H P- 422] Let f G Diff^(M) and assume that f 
is Axiom A. Then there are a finite number of sets Ai, Ajy closed, 
pairwise disjoint, and invariant by f such that NW(/) = IJili ^i- Fur- 
thermore, each Ai is topologically transitive. 

In the theorem above the sets Aj are called basic sets. We define a 
relation -C on the basic sets Ai, A^ given by the Spectral Decom- 
position Theorem as follows: Aj <^ A^ if 

(l^"(A,)-A,)n(W^^(A,)-A,)^0. 
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A k-chain is a sequence Aj^, Aj^ where Aj- ^ Aj^ for / G [1, /c] and 

A.i<A,, <... <A,,^. 

A k-cycle is a sequence of basic sets A^^, Aj^, such that 

A,i<A,, <...<A,, <A,,. 

A diffeomorphism is Axiom A with the no cycles property if the diffeo- 
morphisms is Axiom A and there are no cycles between the basic sets 
given by the Spectral Decomposition Theorem. 

The set 7^(/) is hyperbolic if and only if / is Axiom A with the no 
cycles property. For any r > 1 the set of C" diffeomorphisms with 
TZif) hyperbolic is open. 

For a hyperbolic set A let 

W'{A) = {xeM\ lim A) = 0}. 

n^oo 

If A is a topologically transitive locally maximal hyperbolic set and 
p G Per(/) n A, then W'^{0{p)) is dense in iy*(A). If A is a mixing 
locally maximal hyperbolic set and p G Per(/) fl A, then W^{p) is dense 
in W'{A). 

The following proposition found in [1] will be used in the proof of 
Theorem II. 5[ 

Proposition 2.6. If A is a hyperbolic chain recurrent class, then there 
exists a neighborhood U of A such that TZ{f) (lU = A. 

A set X C M has an attracting neighborhood if there exists a neigh- 
borhood V" of X such that X = nneN/"(^)- A set X C M has a 
repelling neighborhood if there exists a neighborhood ?7 of X such that 
^ = rineN /~"(^)- A set A C M is called a hyperbolic attractor {hyper- 
bolic repeller) if A is a transitive hyperbolic set for a diffeomorphism / 
with an attracting neighborhood (a repelling neighborhood). A hyper- 
bolic attractor (repeller) is non-trivial if it is not the orbit of a periodic 
sink (source). 

Remark 2.7. For Axiom A diffeomorphisms with the no cycles prop- 
erty there is an open and dense set of points of the manifold that are 
in the basin of a hyperbolic attractor. 

We now review some basic properties of commuting diffeomorphisms. 
Let / and g be commuting diffeomorphisms. Let Per"(/) be the peri- 
odic points of period n for / and Per^(/) denote the hyperbolic periodic 
points in Per"(/). If p G Per"(/), then g{j)) G Per'^(/) so g permutes 
the points of Per"(/). Furthermore, if p G Per"(/), then 
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Hence, the linear maps Tgi^p-^f"" and Tp/" are similar. If p G PeT^{f), 
then g{p) e Per^(/). Since #(Per^(/)) < oo it follows that if p G 
Per^(/), then g{p) G PeT{g). Additionally, If p G Per^(/), then 

g{W^{p, /)) = W^igip), f) and giW%p, /)) = W^gip), /). 
3. Trivial centralizer for Axiom A diffeomorphisms with 

NO CYCLES 

We will show that Theorems 11.21 and 11.31 will follow from extending 
the results in [13] if one can show the following theorem: 

Theorem 3.1. There exists and open and dense set V of A'^{M) such 
that if f eV and gi,g2 G Z{f) where gi = g2 on a non-empty open set 
of M, then gi = g2- 

Before proceeding with the proof of Theorem 13.11 we review a result 
of Anderson Let / G Diff°°(R"') be a contraction. Anderson shows 
that if gi,g2 G Z{f) and gi = g2 on an open set of M", then gi = g2 on 
all of M". 

In the proof of Theorem 13.11 it is sufficient to show that there exists 
an open set V of A°°{M) such that if / G V, G Z{f), and there exists 
an open set U of M where g\u = id\u, then g = id^/. 

Now suppose that / G A°°{M) and g G Z{f) where g is the identity 
for a non-empty open set U of M. Then U intersects the basin of either 
a hyperbolic attractor or repeller A for / in an open set denoted U\. 
Let p G Per''(A). Then there exists a i G N such that W'lf^p)) n 
f/ 7^ 0. Since giW'^lf^p))) = W^{q) for some periodic point q and 
g is the identity on U we know that g{f^{p)) = f^{p)- The map /" 
restricted to ^^'^(/^(p)) is a contraction that commutes with g restricted 
to Vr'^(/*(j9)). Hence, g is the identity on W'^{f^{p)) from Anderson's 
result. The density of in W^{A) implies that g is the identity 

on (A). A similar argument holds for repellers. 

To prove Theorem 13.11 we then need a way to connect the basins 
of adjacent attractors so that if g is the identity in one it will be the 
identity in the other. To do this we will prove the next proposition. 
We note that the next proposition is similar to the Lemma in the proof 
of Theorem 1 from [131 P- 85]. 

Proposition 3.2. There exists an open and dense set V of A^{M), 
1 < r < oo, such that if f eV and A and A' are attractors for f where 

W'{A) n W'{A') ^ 0, 

then there exists a hyperbolic repeller Ar such that 

W'{A) n WiAr) ^ and W'{A') f] H^"(A,) ^ 0. 
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Before proving the above proposition we show how it imphes Theo- 
rem [XIl 

Proof of Theorem l3.1l Let V be open and dense in A°°{M) satisfying 
Proposition 13.21 and let / G V. Since / G A°°{M) we know there is an 
open and dense set of M contained in the basin of hyperbohc attractors. 
Denote the hyperbohc attractors of / as Ai,...,Ak. Let g G Z{f) 
such that g is the identity on a non-empty open set U contained in 
M. Then there exists some attractor A, where 1 < i < k such that 
W'{Ai) n f/ ^ 0. Hence, g is the identity on W'{Ai). 
For any attractor Aj such that 

W'{Ai) n W'{Aj) ^ 

there exists a repeller such that 

W'{A,) n WiAr) ^ and W'{Aj) n Vr"(A,) ^ 0. 

This follows from Proposition I3.2[ It then follows that g is the iden- 
tity on W^lAr) and W^{Aj) since the intersection of the basins for an 
attractor and a repeller is an open set. 

Continuing the argument we see that g is the identity on Un=i ^^i^n)- 
Hence, g is the identity on all of M from Remark 12.71 □ 

We now state and prove two lemmas that will be helpful in proving 
Proposition 13.21 

Lemma 3.3. There exists an open and dense set Vi of A^lM) for 
1 < r < oo such that if f & Vi, A is a hyperbolic repeller for f , and 
A = Ao < Ai < ... < Afc , then A < A^. 

Proof. Let U he a. connected component of A^{M). Let Aq,...,Am 
be basic sets such that Aq, Aj are the hyperbolic repellers for each 

feu. 

We will prove the lemma inductively on k. For k = 1 the statement 
is trivially true. Assume for A; > 1 that there is an open and dense set 
Uk of lA such that if A = A„q ^ ... <C A^^, where < no < j, then 
A< A„,. 

Fix 

a = (ao,...,afc+i) G {0,...,j} x {j + 1, M}*^+\ 
Let / be the set of all such a and let f eUk such that A^y ^ ... ^ ^a^+i 
for /. Since f EUk know that Aq,;, <C Aq,^, -C Aq^^^. 

The next claim will show there is an arbitrarily small perturbation 
of / such that Aqq ^ Aq^^^. 

Claim 3.4. If f E A'iM), A < Ai < A2; A zs a repeller, y G 
(Ai) nW^ {A2) , and U is a sufficiently small neighborhood ofy, then 
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there exists an arbitrarily small C' perturbation f of f with support in 
U such that f{y) G iy"(A) n W'{A2) for f. 

Proof of Claim [3T4l Let p be a periodic point of Ai. Since W^^O^p)) 
is dense in M^*(Ai) and Vr"(A) is open we know that there exists some 
m such that Vr"(A) n W'if^ip)) ^ 0. Let x G W^A) n W'if'^ip)). 
If we take a transversal to at x such that the transversal is 

contained in W^{A), then the Inclination Lemma (or A-lemma) |l4i p. 
122] implies that the transversal accumulates on iy"(/™(p)). By the 
invariance of iy"(A) the same holds for any power of p. 

Let y e lV"(Ai) fl W^{A2). Then there exists an n such that y G 
W^{f"-{p)) and hence W^{A) accumulates on y. 

Since ?/ is a wandering point there exists a sufficiently small neigh- 
borhood Uofy such that /"(t/) n [/ = for all n G Z - {0}, and U is 
disjoint from a neighborhood of A U Ai U A2. 

Let yk be a sequence in iy"(A) converging to y. Then there exists 
an arbitrarily small perturbation /, with support in U, of / such 
that yk gets mapped to f{y) for some k sufficiently large. We know 
that = and /"(y) = /"(y) for all for all n G N. Hence 

f{y) G WiA) n W'{A2) for /. □ 

We now return to the proof of the lemma. The previous claim shows 
that by an arbitrarily small perturbation / we have A^q -C A^^.^^ . Since 
Uk is open we may assume f & Uk- Since W^^Aa^) is open and varies 
continuously with / as does W^i^Aa^.^^) we know that it is an open 
condition that Aag <^ ... ^ ^a^+i Aqq <^ ^ak+i- 

Let W° „ cUk such that for all f eU^^ there exists some e > where 
Aag -C ... ^ ^Qfc+i is not a chain for all g G B^{f). Let C Uk 
such that Aqq <^ ... <^ ^Ok+i and Aq^ <^ From the previous 

argument we know that Ul^ is open. We want to show that is 

dense m. Uk — lA^ a- 

Let f ElAk — Then there exists a sequence of /„ converging to 
/ such that for each /„ we have Aq,q <C ... <^ ^a^+i- Hence, there exists 
a sequence fn converging to / such that each G Ul^^. 

Define lAk^a = a^^k a- The set Uk,a is then open and dense in Uk- 
Define 

Since the set / is finite we know that Uk+i is open and dense in Uk- The 
no cycles property implies there are no chains of length M + 1. Define 
Vi = Um this will be open and dense in A^i^M) and by construction if 
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A is a hyperbolic repeller for / G Vi, and A = Aq <^ Ai <^ ... ^ , 
then A < Afc for /. □ 

Lemma 3.5. There exists an open and dense set V2 of A^lM) for 
1 < r < 00 such that if f & V2, A is a hyperbolic attractor for f , A' is 
a basic set for f , A^ is a hyperbolic repeller for f with A^ ^ A', and 
W'{K) n iy"(A') ^ 0, then Ar < A. 

Proof. Let C be a connected component of A^{M) fl Vi where Vi is 
an open and dense set of diffeomorphisms satisfying Lemma 13.31 and 
let Aq, ■■■,Am be the basic sets for f & C where Aq, ...,Aj are the hy- 
perbolic attractors and Aj, Aj+i..., Am are hyperbolic repellers. Before 
proceeding with the proof of the lemma we prove a claim. 

Claim 3.6. // / G C satisfies the following: 

• Aa is a hyperbolic attractor for f, 

• Ah is a basic set for f , 

• Ar is a repeller for f , 

• W'{A)r\W''{A') ^ 0, and 

• A^ < Ab, 

then there exists an arbitrarily small perturbation of f such that A,. <^ 

K- 

Proof of claim. Lemmas 2.4 and 2.5 in [16] show that 

W^{Aa) n Ab ^ and n (iy"(A,) - A,) ^ 0. 

Let X G W^{Aa) n (iy"(A;,) — Afo). Since x is wandering there exists a 
neighborhood of x such that f^{V) fl V" = for all n G Z — {0}. 

Since A^ < A;, we know that W^{x) C W^{Ar). As in the proof of 
Claim 13.41 there exists a small perturbation / with support in V 
such that /(x) G Vr"(A^) for /. 

Since f^iV) fl K = for all n G N, the perturbation had support in 
V, and f{x) G Vr"(A^) n W'{Aa) for / we know that A^ < A„ for /. 
□ 

We now return to the proof of the lemma. Let 

a = (ai,a2,«3) e {0,...,j} x {j + 1,...,M} x {J,...,M} 

and / be the set of all such a. Let C° be the set of all / G C such that 
if Vr^(A«J n (A^J 7^ and A„3 < A^^, then A^g < A„^. We want 
to show that Ca = int C° is dense in C. 

Let / G C — Ca- Then for all neighborhoods U of f there exists a 
function g & U satisfying the following: 

. l^«(A,Jnl^"(A,J^0, 
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• Aq,3 <^ Aq,2 , and 

. w^"(A„3)niy^(A,J = 0. 

Then from Claim 13.61 there exists an arbitrarily small perturbation g 
of g such that A^g -C A^,^ for g. Since the intersection of the basins 
for attractors and repellers is an open condition among the diffeomor- 
phisms we know that g & Ca- Hence, f & Ca and Ca is open and dense 
in C. 
Let 

V2= fl*^- 

Since / is a finite set this will be an open and dense set in C. □ 

Proof of Proposition 13.21 Let V = Vi fl V2 where Vi and V2 are 
open and dense sets in A^{M) satisfying Lemma [3.31 and Lemma [3.5[ 
respectively. Let / G V and A and A' be attractors such that W-'^{A) fl 
W'{A') ^ 0. Fix X G W'{A) n W'{A'). Then x e W^A) for some 
basic set A. Then from Lemma 13.51 there exists a hyperbolic repeller 
A^ such that A^ < A and A^ < A'. □ 

To extend the proofs of Theorems 2 and 3 from [13j to Theorems IL2I 
and 11.31 we now need to show that the lack of strong transversality is 
not essential in the arguments. 

Let IA{M) be the set of C°° Axiom A diffeomorphisms with the 
strong transversality condition. Let Ui{M) consist of all elements of 
U{M) that have a periodic sink or source. 

To prove Theorem 2 in [13] it is shown there is an open and dense set 
Ci(M) of Ui{M) such that if / G Ci(M), then there is a periodic sink 
(or source) p such that if g E Z{f), then g = f'' in W'^{p) {W^{p)). 
Theorem 1 in [13] (that is similar to Theorem 13.11 in the present work) 
is then used to connect the regions to show that 5^ is a power of / for 
all of M. 

Similarly, to prove Theorem 3 in [13] it is shown there is a set C{M) 
that is residual in U{M) if dim(M) > 3 such that for any / G C{M) 
there is a hyperbolic attractor (or repeller) A for / such that if g & 
Z{f), then g = f in W'{A) (Vr"(A)). Theorem 1 in P] is then used 
to connect the regions to show that g is a power of / for all of M. 

Let p be a periodic point of period k for a diffeomorphism / G 
A°°{M) of an n-dimensional manifold. The periodic point p is non- 
resonant if the eigenvalues of Df^p are distinct and for all (ji, .■■,jn) G 
such that ^ jfc > 2, we have 

Xi ^ Xi\..Xt for all 1 < i < n. 
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For a hyperbolic periodic point it is clear that non-resonance is an open 
condition. 

Fix p a non-resonant hyperbolic periodic point for /. Let rii and n2 
be the dimensions of the stable and unstable manifolds of p, respec- 
tively. Then there exists [TSj p. 90-91] immersions Ti-p^f) and Hpi^f) 
such that: 

(1) 7^^(/)(M-0 = W-^{p) and n^iR^^^m = W^{p), 

(2) the immersions vary continuously with /, 

(3) Ap{f) = 7ip{f)~^ o f^\w'{p) o 'Hpi^f) is a non-resonant linear 
contraction of M"^ , and 

(4) Ap{f) = Hp{f)~^ o f~''\w^{p) ° T^pif) is a non-resonant linear 
contraction of R""^ . 

Let Jp{f) = {W'{p) n Wip)) - {p}. Define a map ipp from Jp{f) 
into M" by 

M<i) = in;{f)-\q),H;{fr\q))- 

Let Jp{f) = ip{Jp{f)). For / e U{M) the transversality of the stable 
and unstable manifolds implies that Sp{f) is discrete and closed in M". 
In the proofs of Theorems 2 and 3 in [13] this is only one place where 
the transversality is essential. In the case of Axiom A diffeomorphisms 
with the no cycles property it will not be true, generally, that Jp{f) is 
discrete or closed. 

However, in the proofs of Theorems 11.21 and 11.31 the set Jp{f) is only 
needed for p a periodic point of a hyperbolic attractor. In this case 
we know that W^{p) is contained in the attractor and the hyperbolic 
splitting says that 

{W'{p) n ^{p)) - {p} = {W'{p) ffi Wip)) - {p}. 

Hence, the arguments for Theorems 2 and 3 in [13] carry over to the 
case of Axiom A diffeomorphisms with the no cycles property. This 
then shows the following two theorems. 

Theorem 3.7. There is an open and dense setCi{M) ofAf^lM) such 
that if f ^ Ci{M) there is a periodic sink or source p such that if 
g G Z{f), then g = f^ in W^p) or W{p). 

Theorem 3.8. There is a set C{M) that is residual in A°°{M) if 
dim(M) > 3 such that for any f G V(M) there is a hyperbolic at- 
tractor or repeller A for f such that if g G Z{f), then g = f^ in W^i^K) 
or iy"(A). 

The proofs of Theorems 11.21 and 11.31 now follow from Theorem 13.11 
and the above two theorems. 
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4. Axiom A diffeomorphisms of surfaces 

In this section we prove Theorem II .41 This Theorem can be seen as 
an extension of Theorem 2 in [15] where Rocha examines centrahzers 
of C°° Axiom A diffeomorphisms of surfaces. The important difference 
is Proposition 13.21 which allows connections for the basins of attractors 
and repellers in the setting where 2 < r < cxd. 

Throughout this section assume that M is a compact surface. Let 
Ao{M) be the set of all Axiom A diffeomorphisms of M with the no 
cycles property. Notice that Aq{M) contains all Anosov diffeomor- 
phisms. Let Vo be an open and dense set of Aq{M), where 2 < r < cxd, 
satisfying Proposition 13. 2[ Let C be a connected component of Vq and 
fix e N such that for each / G C and A a basic set for / there is a 
periodic point in A of period k where k < N. 

Let Cj\f be an open and dense set of C satisfying the following: 

(1) If / e Cat and p and p' are periodic points of period < for 
/, then Tpf'^ and Tp/f'^ are conjugate if and only if p' is in the 
orbit of p. 

(2) If / G Cat and p is a periodic point of period A; < for /, then 
the eigenvalues of p are non- resonant. 

Before proceeding with the proof of Theorem II. 41 we show there is an 
open and dense set Vi of Cn such that for each / G Vi if p a periodic 
point of period k < N and g G Z{f), then there is a linearization of 
W'^{p) and W^{p) for / that will also be a linearization for g. 

We first show this for saddle periodic points. We will use the follow- 
ing theorem of Sternberg from |17j . 

Theorem 4.1. If g e Difr^(M), ^(0) = 0, and g'{0) = a where \a\ 1, 
then there exists a map : M — >■ M with a inverse such that 
if o g o ip~^[x) = ax for all x sufficiently small. 

In the case where the contraction has basin of attraction the entire 
real line we have the following corollary that will be useful in proving 
Theorem 11.41 

Corollary 4.2. If g E Diff^(M) is a contraction of the reals fixing the 
origin with g'{0) = a where \a\ ^ 1, then there exists a map ip with 
inverse such that ip o g o ip>~^[x) = ax for all x. 

Let f E Cn and p be a periodic saddle point of period k < N. 
From the Stable Manifold Theorem there exist immersions ipg '■ 
M — > ^^{p) and ■j/'^j : M — > W^{p). Furthermore, the immersions vary 
continuously with / in Cat and the maps 

\1>^ = o f^ oifj and = i''^ o f~'' o 
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are contractions of the reals with \l/^(0) and \l/^(0) both less than 
one in absolute value. 

From Corollary 14.21 there exist maps and such that 

Ff = ^s0^sO <^;^ and Fl = ^^om^o cp-^ 

are linear contractions of the reals. 

Let g G Z{f). Since g{p) G 0{p) there is a unique < i < k such 
that {g o f^){p) = p. Let g = g o f^- Define 

= ips o ip~^ o g^ o ip o and 
GP = (fu o ip-^ o gf" o ip o if-^. 

By definition G?, G Diff^(R). Furthermore, 

The next lemma shows that and G^ are linear maps of the reals 
fixing the origin. 

Lemma 4.3. P, p. 61] Any map defined on a neighborhood of 
the origin on the real line and commuting with a linear contraction 
L : X ^ \x, |A| < 1, is linear. 

For p a periodic sink (or source) we use a different, but similar ap- 
proach. Let Ai and A2 be the eigenvalues for these are non-resonant, 
and |Ai| < IA2I < 1. First, Hartman shows in \I\ that there is a G^ 
linearization of the basin of attraction for the periodic sink (or source) 
p. Then Rocha shows in [15] that if (7 G Z{f) we don't know that g is 
linearized, but Gf = (/iix, /i22/) + (0, h{x)) where : M ^ M is G^ and 
satisfies 

(1) /i(0) = and /i'(0) = 0, and 

(2) hlXix) = X2h{x) for all xeR. 

Let Vi C Cat satisfying 

(Al) if p is a sink (source), then 

(a) each connected component of Vl^^*(p) (W^^{p)) is contained 
in the basin of some repeller, or 

(b) there is a saddle-like basic set Ai and x G Ai such that 
W^'^i^p) and W^{x) {W'^'^{p) and W^{x)) have a common 
point of transversal intersection, and 

(A2) (a) if p is a sink or saddle and g is a source such that W^'^{p) fl 
W^{q) 7^ 0, then W^'^{p) and the strong unstable folia- 
tion of W^{q), denoted J^^^{q), have a common point of 
transversal intersection. 
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(b) if p is a source or a saddle and g is a sink such that 
n W^{q) ^ 0, then and the strong unstable 

foliation of VV^lq), denoted have a common point 

of transversal intersection. 
It is clear that Vi is open and dense in Cn- 

Theorem 4.4. There is an open and dense set V2 o/^q(M), where 
2 < r < 00, such that if f E V2 and gi,g2 G Z{f) satisfy gi\u = (72I1/ 
for some open set U of M , then gi = g2- 

Proof. It is sufficient to look at an open and dense set Vi of Cat 
satisfying (Al) and (A2) above. Let / G Vi and suppose that g G 
Z{f) such that g\i/ = id\u- Suppose U is contained in the basin of an 
attractor A. 

If A is nontrivial, then the linearization of the stable manifold and 
the density of the stable manifold in the basin of attraction implies 
that glw'iA) = id|iy=(A)- If A is the orbit of a sink p, then Rocha shows 
in [12] that g\w(0{p)) = ^(i\w'>{o(p))- The theorem now follows since Vi 
is a subset of Vq. □ 

Proof of Theorem 11.41 We first assume there is an attractor of saddle 
type. Then the argument is an extension of one used in Theorem 3 part 
(a) of [13]. We will give an explanation of the details. (We will follow 
the notation used in [13].) Let A be an attractor of saddle type. 

Let Z = R2 X (Z/2Z)2 and S be the hyperplane in such that 
61 + 62 = 0. Define ^ : Z ^ S by 

X{6i,62,ei,e2) = {6[,6',) 

where 6'^ = 6i - ^{61 + 62). Let 

C = {{6^,62,eue2)eZ\6i=62 = l} 

and for e G £ denote the cyclic subgroup generated by e as (e). 
Let Zq = Z/{e) and Zi = ker(x)/(e). 

Let D be the set of diagonal matrices in GL(2,R). For B & D with 
diagonal entries Ai and A2 there is an isomorphism of D onto Z given 
by 

eB(diag(/ii,/i2)) 
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e = (l,l,sgn(Fi'),sgn(ra-i) 
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This then defines an isomorphism from D / to Zq. Denote as the 
projection of in Zq. Define Jp{f) as in Section [31 

If A is not all of M (the non-Anosov case), then the next proposition, 
which is a restatement of Proposition 1 part (a) and (b) in [T3] will show 
that the centralizer is trivial. 

Proposition 4.5. There is an open and dense set V of C]\f such that 
if f EV and g G Z{f), then 

(1) no G E Zi, G leaves Jp{f) invariant, and 

(2) no G E Zq — Zi leaves Jp{f) invariant. 

For the proof see the proof of Proposition 1 part (a) and (b) in [13J. 

Then for any / G V if A is a non-trivial hyperbolic attractor or 
repeller and g G Z{f), then g = f^ for some A; G N in W^{K) or ^^''(A) 
from the above proposition. Theorem 14.41 then shows that g is a. power 
of / on all of M. 

If A = M, then the result follows from Proposition 1 of [12]. The 
only case left is where all the attractors and repellers are trivial. This 
follows from the proof of Theorem 2 in [13] . □ 

5. Hyperbolic sets for commuting diffeomorphisms 

Before proceeding to the proof of Theorem 1 1.5 1 we review some results 
from [B]. Let A be a hyperbolic set and V" be a neighborhood of A. 
Theorem 1.5 in [B] shows there is a hyperbolic set A D A contained in 
Ay = Hngz /"(^) with a Markov partition. 

Let A be a hyperbolic set. In the proof of Theorem 1.5 in [6J it 
is shown there exists a constant > such that for any i^-dense set 
{Pi\f=i ill ^ there is a subshift of finite type associated with the 
transition matrix A with 



and a surjective map (3 : A. 

Claim 5.1. // {pi}f^i consists of the orbits of periodic points, then 
Per (A) = A. 

Proof. It is sufficient to show periodic points are dense in S^. Let 
s G Tja and s[— n, n] be a word of length 2n in s. Fix i G [— n, n — 1]. 
Then a^.g.^^ = 1. To complete the proof we show there is a word Wi in 
starting with Sj+i and ending with s,. 




1 




if d{f{pi),pj) < e 
if d{f{pi),pj) > e 
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Let mj+i be the period of Psi+i and rrii be the period of pmi- Take 
the sequence of points 

and Wi to be the associated word in S^. 

Then there is a periodic point t e E^i containing the word 

s[-n,n]wn-i ■ ■■w-n- 
Hence, periodic points are dense in T^a- n 

Lemma 5.2. Let K he a non-locally maximal hyperbolic set with peri- 
odic points dense and V he a neighborhood of A. Then there exists a 
hyperbolic set A D A with a Markov partition contained in the closure 
ofV and a sequence of periodic points Pn G A — A converging to a point 
X e A. 

Proof. Let u > and rj > he defined as in the proof of Theorem 
1.5 in [6] so that associated to any u dense set of points in A there is a 
subshift of finite type associated with the transition matrix as described 
above, and so that for any two points x,y E A, where d{x, y) < u, the 
intersection W^{x) fl W^{y) consists of one point in V. 

If A is a non-locally maximal hyperbolic set, then A does not have a 
local product structure. Hence, there exists points x,y E A such that 
d{x,y) < Z//2 and W^{x) HW^^y) is not contained in A. Since periodic 
points are dense in A the continuity of stable and unstable manifolds 
implies there exist periodic points qi and q2 in A, of period mi and 
m2, respectively, such that d{qi,q2) < v and W^{q\) fl VF^(g2) is not 
contained in A. 

Let {pi\f^i be a dense set of v dense periodic points containing 
the orbit of each periodic point, and containing the points qi and 
g2- Then there are words Wi and W2 in corresponding to the or- 
bits gi, /(gi), /""^'^(gi) and g2, /(g2), f'^^~\q2), respectively. Let 
s = {w2-Wi) G Sa- Then 

z = p{s) = w^{qi)nw:;{q2)eA. 

Since A is an invariant set we know that 0{z) C A — A. Furthermore, 
since z e W^{qi) and gi G A we know that /"(-z) converges to A as 
n — s> oo. 

From Claim 15.11 the periodic points of A are dense. Hence there is a 
sequence of periodic points p„ G A — A such that d{pn, f"""^^ (z)) < z//2". 
Therefore, Pn converges to gi. □ 
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Proof of Theorem 11.51 We first note that from Proposition 12.61 there 
exists a neighborhood f/ of A such that if p is a periodic point of / and 
p & U, then p E A. 

Suppose A is not locaUy maximal for g. Then there exists a neigh- 
borhood of A contained in U such that 

Ay = n /"(^) 2 A 

is a hyperbohc set. From Lemma 15.21 there exists a hyperbohc set 
A D A with a Markov partition that is contained in Ay and a sequence 
of periodic points p„ G A — A converging to a point x G A. Since each 
Pn G Per fi{g) we know the points Pn are periodic points for / contained 
in f/ — A, a contradiction. Hence, A is locally maximal for g. □ 
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